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Infinite Tensile Plate

with an
Ellipsoidal Hole



Infinite tensile plate with an ellipsoidal hole

Inglis (1913), a professor of naval architecture, independent of an
earlier work by Kolosov, solved the problem of stress concentration
around an elliptical hole 1n an infinite plate subjected to uniform stress

loading.




Infinite tensile plate with an ellipsoidal hole

The problem 1s difficult to analyse in a Cartesian coordinate system.
The boundary conditions around the ellipsoidal hole can be better
expressed in a curvilinear coordinate systems.

elliptical hole




Infinite tensile plate with an ellipsoidal hole

Adopting the curvilinear coordinate system, we define a and b
as the major and minor semi-axes respectively. The elliptical hole 1s

itself defined along a = a,,, and as we go around the ellipse P varies
from 0O to 2m.




Infinite tensile plate with an ellipsoidal hole
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Two sets of boundary conditions should be satisfied:
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Then, the complex functions wand y must satisfy:
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Two sets of boundary conditions should be satisfied:

Around the elliptical hole (a=a.):
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Infinite tensile plate with an ellipsoidal hole

The following complex stress potential functions, proposed by Inglis
in the curvilinear coordinate system o and [3, satisfy the boundary
conditions and are periodic in 3:
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From the relations of stress components in the curvilinear system:
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Gpp ON the hole boundary can be computead:
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The maximum value of Gp Occurs at the end points of ellipse:
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Note that at these points 6g5=0 .

This is rather difficult to compute because it is in terms of curvilinear
coordinates. Combining:
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and using mathematical formulations:
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From the final solution:

It 1s observed that:

N

\Zﬂizﬁcal hole
—
\a

'_
-~
-—
-

o

g,

1. For a=b, the stress concentration factor of 3 i1s recovered,
which is similar to the solution of a circular hole.
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2. For a/b—x, or a degenerated ellipse (similar to a crack shape),

infinite stress 1s obtained: o
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3. For a crack directed along the applied tensile stress (a/6=0),
however, the stress at the crack tip remains at the finite value
G,- In fact, the stress state remains similar to an uncracked
tensile plate.
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The solution can also be written in terms of the radius of
curvature p,

_ w=a, =0, | 1+2 \/z
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5. The second term 1s larger that the first term, showing that the

stress concentration factor 1s inversely proportional to the
radius of curvature of an opening/defect. As a result, sharper
openings are expected to generate higher SCFs.
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a=a OC(70 Y
p=0.z P

In limit, at the tip of a sharp crack (with zero radius of
curvature), the SCF becomes infinite.

o=0 : o
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7. While this equation 1s obtained specifically for a single point on
an elliptical hole 1n an infinite tensile plate, this concept 1s
usually adopted by the fracture mechanics engineers for all
fracture problems (even with no general analytical derivation).
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For a more general form of the problem, which 1s an inclined elliptical
hole in an infinite biaxial, Murrel 1964 obtained the following
solution:

_(l+77)sinh 2a, —(l—n)(cos 20 —e** cos 2(,6’—0))_

=a cosh 2a, —cos 23
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HW P2-CO3#1:

Draw the stress contours for an infinite tensile plate with an
ellipsoidal hole, with various a/b ratios (0.1,0.5,1,10):

1- in the () curvilinear system

2- 1n the (x,y) Cartesian system

3- Compare the results of a/b=1 with the circular hole.
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